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ABSTRACT Berg's theory of the thermal motion of a circular semiflexible chain is extended by including 
the effect of intramolecular hydrodynamic interaction. An expression for its dynamic structure factor, S ( K , t ) ,  
is given. Several quantities characterizing dynamic light scattering (DLS) properties are evaluated numerically 
for parameter values corresponding to DNA. Results of the numerical calculation are as follows: (1) The 
normalized DLS correlation function, C ( t ) ,  deviates significantly from single-exponential form in the large-K 
region. When a single-exponential function with a constant base is fitted to calculated C(t)  in the range of 
t that C ( t )  is larger than 0.01, the base fraction relative to the correlation amplitude takes a saturated value 
of about 2% in the largeK region. (2) The reciprocal correlation time of the scattered light shows a K dependence 
significantly different from that predicted from the theory for RouseZi" chains. (3) The apparent diffusion 
coefficients reduced to the standard state of water at 25 "C are fairly insensitive to changes in chain length, 
chain stiffness, and the solution temperature. 

I. Introduction 
The dynamic light scattering (DLS) method has become 

a valuable method for investigating the thermal motion 
of chain polymers in solution. Considerable efforts to 
extract the relaxation times of internal modes from the 
shape analysis of measured photocount correlation func- 
tions have been made mainly on synthetic polymers. For 
DLS measurements in which a visible or UV laser is used 
as the light source, most synthetic polymers can be treated 
as flexible chains because they have a persistence length 
much shorter than the inverse of the scattering vector, 
1/K, where 

X being the wavelength of light, n the refractive index of 
the solution, and f3 the scattering angle. First, we will 
briefly review the works on flexible polymers for later 
discussion. 

Most of the theoretical studies on the dynamic prop- 
erties of flexible polymer chains have been made on the 
RouseZimm (RZ) model. de Gennes and Dubois-Violette 
(DD)1-3 were first to apply Zimm's theory4 of RZ chains 
to DLS problems and gave an explicit formula for the 
dynamic structure factor, S(K,t), of these chains. They 
obtained the following important conclusion with regard 
to the spectral line width, re, of light scattered from a 
solution of RZ chains: if the chain is long enough to satisfy 
the condition 

KR >> 1 (2) 

where R is the root-mean-square radius, (1) re is a function 
of only the viscosity, 7,  temperature, T, of solvent, and K 
and is independent of the values of molecular parameters, 
and (2) it is proportional to K4 in the free-draining limit 
and to Kj when the effect of hydrodynamic interaction is 
taken into account. 

Using Zimm's theory, Pecora6 gave an expression of the 
power spectrum, P(K,w), for RZ chains in the form of a 
series expansion with respect to the mode number of in- 
ternal motion. Especially, he investigated precisely the 
form of P(K,w) at  K where the contributions from the 
translational and the lowest internal modes are dominant. 
In spite of many efforts, application of Pecora's theory to 
DNA has yielded few definite  result^.^^^ 

Some years ago, Akcasu and Gurols (see also Benmouna 
et al.gJO) found that the first cumulant, UK),  of the dy- 
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namic structure factor for a chain can be obtained from 
its equilibrium properties without preaveraging the Oseen 
tensor. They showed also that r(K) of Gaussian chains 
has the same exponent for the dependence on K as re in 
DD theory, where rs is the half-width at  half-maximum 
of the power spectrum. 

Lin and Schurrll obtained a formula for S(K,t), solving 
the Langevin equation of motion for the RZ model. They 
showed that the apparent diffusion coefficient yielded from 
fitting a single-exponential function to S(K,t) approaches 
a constant for sufficiently large values of K. This means 
that the spectral line width is proportional to K2 in the 
above saturation region of K. They proposed an algorithm 
to determine RZ model parameters from measured data 
and applied it to the analysis of data for calf thymus DNA. 

There are many biopolymers whose equilibrium prop- 
erties are well described by the wormlike chain model.I2 
Native DNA, collagen, muscle actin filament, and fila- 
mentous virus are examples. These molecules have a 
persistence length comparable to the inverse of the scat- 
tering vector available in DLS experiments. In addition 
to a bending stiffness, real wormlike molecules have a finite 
torsional stiffness. Therefore, it is expected that their DLS 
properties are different from those of flexible chains. It 
is very interesting how the semiflexible character of a chain 
affects its DLS properties. 

As to DNA, which is the main concern of the author, all 
the analyses of its DLS data have so far been made with 
the RZ m ~ d e l . ~ * ~ J ~ J " l ~  The applicability of the RZ model 
to DNA and the physical interpretation of the model pa- 
rameters were discussed in detail by Schurr and co-workers 
in their recent works.17J6 The RZ model has some disad- 
vantages in its application to DNA (1) As described above, 
the DLS method enables the observation of a DNA mol- 
ecule with a spatial resolution of the order of the per- 
sistence length. On such a scale, the real chain is far 
different from the model. As long as we stick to the model, 
we cannot have a true picture of the local dynamic be- 
havior of the chain. (2) Relations between molecular pa- 
rameters and RZ model parameters, i.e., the root-mean- 
square distance between adjacent beads, b ,  the number of 
beads, N ,  and the friction coefficient of a bead, f ,  are not 
yet established. Accordingly, for example, we cannot 
correlate quantitatively changes in the model parameters 
with those in the structural parameters of the chain which 
are caused by changes in external conditions. 

The theoretical study of the dynamic properties of 
wormlike chains is very poorly developed compared with 

1984 American Chemical Society 



2366 Soda Macromolecules, Vol. 17, No. 11, 1984 

in place of the constraints of the constant bond length. 
Therefore, in a solution of eq 4 with the assumption of eq 
5, the distance between adjacent beads must vary with 
time. In the following, we also make the assumption of 
eq 5. Denoting 

that of flexible polymers. The main cause for this is the 
mathematical difficulty originating from the nonlinear 
form of the equation of motion. Harris and Heard8 (HH) 
proposed a model for stiff chains and developed a dynamic 
theory of their model. Hearst et al.19 extended the HH 
theory by including the effect of hydrodynamic interaction. 
It was pointed out20 that the HH theory gives a result 
inconsistent with the static theory2lPB of wormlike chains. 
Maeda and FujimeZ3 presented a theory for evaluating the 
DLS properties of the HH chain. It has the following 
defects: (1) The relation between bending force constant 
and persistence length is inconsistent with the result of 
static theory,21*22 and (2) as the effect of hydrodynamic 
interaction is not included, it is difficult to apply their 
theory to the quantitative analyses of measured data. 
Recently, the first cumulant of the dynamic structure 
factor a t  low scattering vectors was calculated and com- 
pared for several models of semiflexible chains by Schmidt 
and S t ~ c k m a y e r . ~ ~  

Bergm developed a dynamic theory of continuous sem- 
iflexible chains starting from a model similar to the HH 
model. As described later, the Berg theory is not a theory 
of wormlike chains because his model introduces the 
longitudinal stiffness of chains in an incomplete way. It 
is based on several assumptions noted in section IV. It 
has, however, an advantage over the others in that it can 
give essentially the same results as the well-established 
static theory for most equilibrium properties of wormlike 
chains.21s22 For this reason, Berg's theory is considered to 
be the most valuable for describing the thermal motion 
of circular semiflexible chains. 

In this paper, we extend Berg's theory by including the 
effect of intramolecular hydrodynamic interaction, not of 
the discrete bead-spring model but of the wormlike chain 
model, and give an explicit formula for the dynamic 
structure factor. Using this formula, we evaluate nu- 
merically quantities related to DLS properties and com- 
pare them with the available data. 

11. Theory 
Langevin Equation of Motion. After Berg, we begin 

with a discrete model. Let us consider a circular chain 
composed of N beads and N massless rods of length b. 
Assuming that the bending elasticity of the chain is given 
by the potential energy 

N 

j=l 
V = ( ~ ~ / 2 ) C ( r ~ + ~  - 2rj + rj-1)2 (3) 

we have the equation of motion in the free-draining case 
as 
mrj + f r j  + to(rj+2 - 4rj+l + 6rj - 4rj-l + rjJ - 

In eq 3 and 4, rj ( t )  is the position vector of bead j ,  fj(t) 
is the thermal force exerted on bead j ,  and m and f are the 
mass and the friction coefficient of a bead. ~j are the 
Lagrange multipliers originating under the constraints that 
the bond lengths are constant. Though each ~j depends 
generally on time, Berg solved eq 4 by assuming that the 
~j are independent of j and t ,  i.e., putting 

K j + l ( r j + l  - rj) + Kj(rj - rj-1) = fj 0' = 1, ..., N) (4) 

K j  = KO 0' = 1, ..., N) (5) 
With this assumption, eq 4 becomes equivalent to the 
equation of motion of a chain with the potential energy 

where A is an N X N matrix 

6,-4, 1, 0 ,..., 0 ,  1,-4- 
-4, 6,-4, 1, 0 ,..., 0, 1 

1,-4, 6,-4, 1, 0 ,..., 0 
0, 1,-4, 6,-4, 1, 0 ,... 

..., 0, 1,-4, 6,-4, 1, 0 
0 ,..., 0, 1,-4, 6,-4, 1 
1 , 0  ,..., 0, 1 , - 4 , 6 , - 4  

-4, 1, 0 ,..., 0, 1,-4, 6- : - 

+ 

- 

we can express eq 4 as 
mR + f i  + AR = F 

K O  

Here, we will introduce the effect of hydrodynamic in- 
teractions into eq 8. The equation of motion of bead j now 
becomes 

(10) 

where A'k is the G,k)  component of the matrix A. vi* is 
the fluidvelocity a t  ri that is generated by the motion of 
the beads other than J. According to the Oseen interaction 
formula, it is given by 

mfj + f (k j  - Vj*) + CAjkrk = fj 
k 

where 

In eq 12, q is the viscosity of the solvent, e is the unit 
tensor, and rjk is the vector directed from bead k to j .  
Preaveraging the Oseen tensor eq 12 and introducing an 
N X N matrix T with the ( j ,k)  component 

we can express eq 10 and 11 as 
mR + f(R - V*) + AR = F (14) 

v* = pr(R - V*) (15) 
where V* is a column vector composed of vl*, ..., vN*. 
Defining the hydrodynamic interaction matrix H by 

and 
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H = I + f ”  (16) 

V* = (I - H-’)R (17) 

m R  +fH-’R + AR = F (18) 
Equation 18 is the Langevin equation of motion of the 
chain with hydrodynamic interactions and corresponds to 
eq 13 of Zimm’s theoryS4 Equation 1 of Lin and Schurr” 
is different from eq 18 and their equation gave several 
unphysical results. Using correct equilibrium properties 
which are not deduced from their equation, they avoided 
the internal inconsistency. 

The closed nature of the chain permits a Fourier ex- 
pansion of R as 

R = U Q  (19) 

where I is an N X N unit matrix, we get from eq 15 

Substitution of eq 17 into eq 14 yields 

where U is an N X N unitary matrix with the G,n) com- 
ponent 

uj, = 5 1 ex.( - i y )  27rjn 

and 
- 7  

Q = L l i  9 N  

From eq 19, Q is given by 
Q = U-’R 

where 

The matrix A is diagonalized by U to yield 

(U-‘AU),, = bA,6,, (24) 

where 
A, = (l/b)(16to sin4 (n7r/N) + 4~~ sin2 (na/N)] 

of tj - 121. That is, we can put 

(25) 

As is easily seen, Hjk depends on j and k only in the form 

(26) Hjk = H(V - k ( )  = H(N - V - kl) 
The matrix H is diagonalized also by U to give 

(U-’HU)mn = Ynamn (27) 

where 
N-1 

190 
7, = C H(1) cos ( y) 

From eq 27, we have 
(U-lH-lU)mn = ( l / Y n ) d m n  (29) 

Dividing both sides of eq 18 by b and operating U-I from 
the left side, we have decoupled equations of the normal 
modes as 
pq,  + {nil, + A,q, = h, (30) (n = 0, 1, ..., N - 1) 

where 
p = m/b 
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fn 3 f / Y n  (30b) 

f f / b  ( 3 0 ~ )  

and 

h, = - l N  Cfj exp( i?) (30d) 
(Nb) ‘I2 j =  1 

As already done in eq 30, “0” instead of “N” is used in the 
following as the suffix to denote the Nth normal mode. It 
can be easily shown that putting either n = 0 or n = N 
leads to the same results in the related formulas. 

From the comparison of eq 30 with eq 1 2  of Berg,20 the 
effect of hydrodynamic interactions can be seen to appear 
in the form that the friction coefficient of each mode de- 
pends on its mode number. Equation 30 for n = 0 with 
A, = 0 corresponds to the translational motion of the whole 
chain. Neglecting the inertial term for n # 0, we can easily 
obtain from eq 30 

(31) 

(32) 

( q n ( t ) * q n * ( o ) )  = ( lqn12) exp(-t/T,) 

( l q n ( t )  - (qn(t))12) = (Iqn12)(1 - exp(-zt/7,)) 

and 

where 7, is the relaxation time of the nth normal mode 
given by 

7, = f n / h  (33) 

In the original model of beads and rods, the chain has 
2N degrees of freedom, while it has 3N normal modes as 
seen from eq 30. Here, the equipartition of the thermal 
energy, 2NkT, to the 3N normal modes is assumed as done 
by Berg, which leads to the relation 

(34) (lqn12) = N -  1 bA, N-.. bA, 

Relaxation Times. From eq 33, we need to evaluate 
A, and l, to obtain 7,. Putting the total length of the chain 
as L and taking the continuous chain limit of 

b - 0 ,  N-m,  L = N b  (35) 

A, = 1 6 e ( n ~ / L ) ~  + 4 ~ ( n a / L ) ~  (36) 

e = lim cob3 (364 

K lim KOb (36b) 

e is the bending rigidity of the chain and is related to the 
persistence length, a ,  by the equation 

e = akT (37) 

N - (3/2) 2kT 2kT - -  

we can express A, of eq 25 as 

where 

b-0 
N-- 

b - O  
N-- 

Berg gave an equation for obtaining the value of K as 

If eq 38 could be solved for K, it would be rewritten in a 
scaled form of 

(39) 

We can easily show that 2eILkT = 2a/L from eq 37 and 
f ( x )  - x2  for x << 1. Therefore, when the contour length, 
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K(s) (l/lr - rol) (47) 
according to the theory of Fujii and Yamakawa,n we have 
the translational friction coefficient of the circular chain, 
oo, as c( 

L, is much longer than the Kuhn statistical segment length, 
2a, K is expressed approximately as 

K - kT/a (L >> 2a) (40) 

Denoting n at  which both terms of eq 36 are the same in 
magnitude by No and using eq 40, we have 

No - L/27ra (41) 

The €-term is dominant in An of eq 36 for the modes with 
n > No and they are relaxed mainly by the bending rigidity 
of the chain. On the other hand, the modes with n < No 
relax chiefly with longitudinal tension. 

Next, we consider the friction coefficient of the nth 
mode, tn. Denoting the distance between two beads at 
intervals of 1 segments by p l ,  we have 

(l/rjk) = (l/PLi-kI) (42) 

because ( l / r j k )  depends only on ti - kl. From eq 13, 16, 
28, and 30b, we obtain 

Originally, it is only for a pair of beads whose sizes are 
much smaller than the distance between them that eq 12 
can accurately describe the hydrodynamic in t e ra~ t ion .~~  
Hence, we can safely apply eq 43 only for a chain composed 
of such beads distinctly separate from each other. On the 
other hand, any polymer is a continuous chain in the sense 
that masses distribute continuously along it as long as it 
is seen with a resolution of monomer unit size. Therefore, 
in order to obtain an expression of {,, that contains not 
adjustable parameters like those of the RZ model but 
parameters which can be connected to the molecular 
structure of the polymer, we must transfer eq 43 to a 
formula corresponding to the continuous chain. In the 
following consideration of ln, we will not take into account 
the apparent longitudinal deformation due to the Ko-term 
in eq 6 because it can be assumed negligible for a real 
wormlike chain. 

It is known that stationary transport properties of a 
continuous chain are well described by a touching-beads 
model. If the beads of radius b/2 are touching each other 

f = 37rr77b (44) 
Though eq 12 cannot be used in this case as mentioned 
above, the form of eq 43 need not be changed if an ap- 
propriate expression such as the modified Oseen tensor by 
Yamakawa and TanakaZ6 is taken for ( l /pI) / (6q) .  Sub- 
stituting eq 44 into eq 43, we obtain 

Particularly for the translational mode of n = 0, we have 

i o  = (46) 
3 v  

1 + "y) 
2 1=1 P1 

Next, we assume that the continuous chain model is de- 
scribed by a wormlike cylinder with radius r,. After Fujii 
and Yamaka~a ,~ '  we put r the vector from a point P1 on 
the chain curve to a point P2 at a distance s along the curve 
and ro the normal radius vector from P1 to the point on 
the surface of the cylinder. If we put 

3aqL 

JL12K(s) ds 
Eo = 

The angular brackets in eq 47 mean the average over the 
vector ro and the chain configuration. The relation K(s) 
= K(L - s) is used in the derivation of eq 48. 

Comparing eq 46 with eq 48 and taking account of the 
fact that to is the friction coefficient per unit contour 
length, we see that the transfer from the discrete model 
to the continuous one can be carried out by a replacement 
of 

1 + 2 y( 1=1 '> PI - J L / 2 K ( s )  ds (49) 

Then the extension of the above procedure to tn with n 
# 0 can readily be done. Putting s = lb in eq 45, we find 
in of the continuous chain 

%rn 
(50) 

- .. . 
t n  = 

J"'"K(s) cos ( y) ds 

In the free-draining case, tn is given from eq 45 by 
i n  = 3~ (51) 

K(s), whose explicit form was given by Fujii and Yama- 
kawa,n is a monotonously decreasing function of Isl, which 
has large values a t  Is1 < ro and decreases very slowly with 
increasing Is1 at  Is1 > a. 

It must be remarked here that the demoninator of the 
right-hand side of eq 50 can be less than 1 for sufficiently 
large values of n. For such n, ln is larger than that in the 
free-draining case and can further increase with larger n. 
The above situation, however, occurs only in the mode with 
n so large that its "wavelength", Lln, is comparable to or 
shorter than ro and its amplitude is much less than 1/K. 
Therefore, such modes offer no serious effect on the 
evaluation of S(K,t). 

The translational diffusion coefficient, Do, is from eq 48 
Do = -SL'*K(s) kT ds 

3*qL 0 

From eq 33,36, and 50, the relaxation time 7, is obtained 
as 

(16e (n~ /L)~  + 4 ~ ( n x / L ) ~ )  (53) 

Dynamic Structure Factor. The dynamic structure 
1 

factor of the initial discrete chain is given by 
N 

j , k = l  
S(K,t) = ao2 C (exp(iK.(rj(O) - rk(t)))) (54) 

where a. is the polarizability of the bead. The position 
of the j th  bead is expressed from eq 19 as 

rj(t) = C u j n q n ( t )  (554 

Denoting the center of gravity by rg, we see from eq 20 and 

N-1 

n=O 

on 
LL 
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r N  
1 -. Ujoqo = - Crk = rg 

N k = l  

- 

N-12kqN - ( 3 / 2 ) ) P  
n-1 3(N - l )Nbhn 

- exp[ -z  N-l -( 2k T P  1 - cos ( 2 d ~ ‘  - k )  1 ”1 n=l 3LXn 
(58) 

Equation 58a can be derived in the same way as the cor- 
responding formula for RZ chains.’l In the following, we 
will consider the case of N >> 1 and use the expression in 
eq 58. As the exponent in eq 58 is an even function of 0’ 
- k ) ,  the second factor of eq 56 can be denoted by 

N-1 

n i l  
( e x p I W  C (ujnqn(0) - uknqn(t)))l) = C t i - k l W )  (59) 

and we have 

c,(K,t) = exp[ - z l x (  N-l 2k T P  1 - cos ( z r ~ ) e - ~ / ~ n I ]  (60) 

From eq 54 and 56-60, we obtain 
S(K,t) = ao2 eXp(-D@’t)zCp-kl(K,t) 

ih 
N-1 

1-0 
= Nao2 exp(-D@t) C cl(K,t) (61) 

We will transform eq 61 into the formula of the con- 
tinuous chain. Introducing the polarizability per unit 
length, a, by 

CY E ao/b (62) 
we have 

N-1 

1=0 
S(K,t) = La2 exp(-DJPt) C bcl(K,t)  (63) 

Putting s = lb and taking the limit of eq 35, we see that 
cl(K,t) is transformed into c(K,s,t) as 
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c,(K,t) -+ c(K,s,t) = 
ex.[ -C - ( 1  4 k T P  - cos ( F n ) e - t / r n / ]  (64) 

n=l 3LXn 

where use is made of the fact that the two terms for n = 
k and n = N - k in the exponent of eq 60 have an identical 
value for each k from 1 to N - 1. Taking account of c- 
(K,L-s,t) = c(K,s,t) and making the replacement of 

N- 1 

1=1 
C b - 2 ALI2ds 

in eq 63, we finally get 

S(K,t) = 2La2 exp(-D@t) SLI2ds  c(K,s,t) (65) 

Equation 65 is the dynamic structure factor of the circular 
Berg chain in which the effect of hydrodynamic interac- 
tions is taken into account. 

We will introduce some quantities derived from S(K,t). 
The functions O(K,t) and D,(t), defined by 

(66) 

0 

d O(K,t) 5 - -(ln S(K,t)) 
dt 

and 
D,(t) E O(K, t ) /P  (67) 

are respectively the apparent spectral line width and the 
apparent diffusion coefficient derived from the slope of 
S(K,t). From eq 64-67, we have 

The first cumulant, I’(K), of S(K,t) is defined by 
r(K) = O(K,O) (69) 

and the apparent diffusion coefficient, Di, obtained from 
the initial slope of S(K,t) is written as 

Di I D,(O) = r ( K ) / P  (70) 
The homodyne photoelectron-pulse correlation function, 
C,(t), obtained from DLS measurement is defined by 

C,(t) E (n(t’)n(t’+ t ) )  (71) 

where n(t’) is the number of pulses emitted in a sample 
time near t’. Assuming the Gaussian nature of the scat- 
tered light, which is our case, we have 

C,(t) = (n)2(1 + p ( t ) 1 2 )  (72) 

where g(l)(t)  is the normalized first-order correlation 
function of the scattered light field. For later use, we 
introduce a normalized correlation function, C(t), defined 
by 

It can readily be shown that C(t)  is represented by S(K,t) 
as 

C( t )  b‘”(t)12 (73) 

(74) 

Further, we introduce a quantity D, defined by 

where t ,  is the time at  which C ( t )  = 0.01. The static 
structure factor, P(K), is given by 

D, = D.(t,) (75) 
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P(K) = - S(K'o) = - I L 1 2 d s  c(K,s,O) (76) S(0,O) L 0 

111. Results of the Numerical Calculation and 
Discussion 

Due to the complex form of the function K(s) ,  it is 
difficult to analytically express c(K,s,t). Thus, the dynamic 
structure factor in eq 65 and the related quantities in- 
troduced in section I1 were evaluated numerically for pa- 
rameter values corresponding to native DNA. The min- 
imal parameters that characterize the continuous Berg 
model are the contour length, L,  the hydrodynamic diam- 
eter, d,  and the bending rigidity, 6.  The value of d was 
fixed to the mean accepted value of 2.5 nm. According to 
eq 37, the persistence length, a, in place of t  was used. We 
assumed water as the solvent, whose condition is specified 
by temperature, T, and viscosity, 7. The temperature was 
fixed to 25 "C except for the calculation of temperature 
dependence. 

The process of the numerical calculation is as follows. 
K is obtained by solving eq 38 for given values of L, T, and 
a. A, and {, are calculated from eq 36 and 50, respectively. 
The value of K(s)  necessary for the evaluation of {,, is 
obtained by using eq 10-12 of Fujii and Yamakawa.?' 
Then c(K,s , t )  is evaluated by eq 64 for the above values 
of A, and {,. Finally, the substitution of c(K,s, t)  into eq 
65,68, and 71 yields the respective quantities. The upper 
limit of n of the series in the expression of c(K,s,t) (eq 641, 
which is denoted by N,, was taken large enough for the 
contribution from the terms with n > N,,, to be negligible. 

(77) 

was fitted to the normalized homodyne correlation func- 
tion, C(t), in the time range of 0 < t < t,. The fitted value 
of D,, which has the meaning of apparent diffusion coef- 
ficient, is used to characterize the dependence of C(t)  on 
K. The fitting was made for both cases in which B is varied 
and fixed to zero. We will denote the values of D, for the 
former and latter cases by Dal and D,, respectively. De- 
fining 6 by A and B obtained from the former analysis as 

6 = B / ( A  + B) (78) 

we can use it as the quantity that measures the non-sin- 
gle-exponentiality of C(t). 

In order to compare with the continuous Berg chain, 
numerical calculations were also made on a circular, flex- 
ible bead chain. It is a hypothetical mathematical model 
and characterized as follows: 

(1) It is made up of N beads and N springs; accordingly 
it has 3N - 3 internal modes. 

(2) A, is taken as 

A single-exponential function of the form 
f,,(t) = A exp(-2DaPt) + B 

A, = ( 4 K / b 2 )  sin2 (n.rr/N) (79) 
That is, it has no term of bending elasticity corresponding 
to the first term of eq 25. K is assumed to be given also 
by eq 38 for the corresponding Berg chain. 

(3) The value of {,, is taken to be the same as eq 50. 
We will denote continuous semiflexible and discrete 

flexible chains as CS and DF chains, respectively, in the 
following. Both A, of eq 25 and 79 coincide with each other 
in the limit of n / N  -+ 0. Hence, the DF model gives the 
same S(K, t )  as the CS model in the small-K region where 
lower modes are dominant in S(K, t ) .  By assuming the 
same hydrodynamic interaction, only the effect of the 
differences in chain continuity and bending elasticity be- 
tween the two models will be made clear, especially in the 
large-K range. This is the reason why an artificial DF 
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Figure 1. Hydrodynamic interaction factor, z(L,n), for CS chains 
with different contour lengths: L1 = 2.24 pm, L2 = 6.60 pm, and 
L3 = 16.6 pm. Persistence length, a: solid lines, 50 nm; broken 
lines, 66 nm. 

model rather than the RZ model was chosen for compar- 
ison. 

Numerical calculations were all made with double-pre- 
cision numbers. 

Hydrodynamic Interaction Factor. The hydrody- 
namic interaction factor, z(L,n), defined by 

z(L,n) 1 JLl2K(s )  0 cos ( F s )  ds (80) 

is plotted in Figure 1 for CS chains with different contour 
lengths, L, = 2.24 pm, L2 = 6.60 pm, and L, = 16.6 pm. 
As seen from eq 50 and 51, z(L,n) is the ratio of friction 
coefficients of the nth normal modes for the model without 
and with hydrodynmnic interaction. L1 and L3 correspond 
to CoEl and A-DNA, respectively. z(L,n) falls drastically 
with the change of n from 0 to 1 and decreases slowly with 
n larger than 1. When chains of different persistence 
lengths are compared, z(L,n) of the chain with a = 66 nm 
is larger a t  small n than that with a = 50 nm. But for n 
exceeding a value determined by L, the relation of mag- 
nitude is reversed. The above reversal occurs a t  n = 2.5, 
7.4, and 18.7 for L,, La, and L3, respectively. However, the 
relative differences of z(L,n) for two values of a decrease 
rapidly with n and become less than 1% at  n larger than 
1,4, and 12 for L1, L2, and LB, respectively. That is, the 
dependence of l,, on persistence length rapidly becomes 
small with increasing n. 

It can also be shown from the reuslts of numerical 
calculations that z(L,n) for the internal modes with n # 
0 is approximately scaled by n/L; i.e., it can be expressed 
as 

z(L,n) - z (n /L )  (81) 
For example, the relative difference between z(Ll,nl) and 
z(L3, L,n,/L,), the latter of which is estimated by an in- 
terpolation of the z(L,n)  curve, is 9% of z(Ll,nl) a t  nl = 
1. It decreases with increasing nl to become less than 1% 
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Figure 2. Typical examples of the calculated correlation func- 
tions, C(t) ,  for a CS chain: L = 6.60 pm, A = 66 nm, and T = 
25.0 "C. Values of p (m? I, 7.0 X 10l2; 11, 7.0 X 1014. t ,  is the 
time at which C(t)  = 0.01. 

a t  nl greater than 5. The scaling property of z(L,n) results 
from the characteristic form of the function K(s) described 
in section 11. The fact that z(L,n) of the higher modes is 
scaled with better accuracy means that the effect of the 
hydrodynamic interactions on the local motion of a chain 
is independent of the total chain size. 
Shape of Correlation Functions. Two typical exam- 

ples of the calculated correlation functions, C(t) ,  for a CS 
chain with L = L2 and a = 66 nm are shown in Figure 2.  
The chain length corresponds to 5OlK, where 1~ = 2a de- 
notes the Kuhn statistical segment length. Disregarding 
the excluded volume effect, we obtain 265 nm for the 
root-mean-square radius, R, of this chain from the formula 

Substitution of the above value of R into P R 2  = 2 yields 
2.84 X 1013 m-2 for the K2 value a t  which the contribution 
of the lowest internal mode begins to be significant. Curve 
I in the figure is an example of C(t)  at  small angles (K2 
= 7.0 X 10l2 m-2), and the C(t)  is a single-exponential 
function. Curve I1 (K2 = 7.0 X 1014 m-2) is typical of the 
correlation functions a t  K2 where the intramolecular 
motion is dominant, and the C(t)  clearly shows a non- 
single-exponential form. Thus, generally, C( t )  or S ( K , t )  
is not a single-exponential function and ita functional form 
cannot be characterized only by its first cumulant. 

In Figure 3 is shown the K2 dependence of 6 defined by 
eq 78. The filled circle on each curve corresponds to the 
K2 value which satisfies the relation of P R 2  = 2 noted 
above. 6 increases with K2 and reaches a nearly constant 
value in the IC2 region where intramolecular motion dom- 
inates C(t). The value of 6 in the saturation region is about 
2% and increases slightly with L .  

In order to see more precisely the deviation of correlation 
functions from a single-exponential form, D,( t), defined 
by eq 68, is plotted in Figure 4. The abscissa is the log- 
arithm of the delay time scaled by t,. The values of D, on 
the intersection of each curve with the left and the right 
axes of the ordinate are Di and D,, respectively. At  IC2 = 
7.0 X 10" m-2 in the saturation region of Figure 3, we have 

Di/D,o = 1.39 (83) 
That is, the apparent diffusion coefficient obtained from 

DJD,  = 2.16 

2 -  

r 

2 -  
a -  

1 -  

v 

K Z ( x 1 0 ' 4  m-21 

Figure 3. 6 vs. p for two CS chains with different contour 
lengths: solid line, L = 6.60 pm; broken line, L = 2.24 pm. a = 
66 nm and T = 25.0 "C are aasumed. See the text for explanation 
of the filled circles on the curves. 
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Figure 4. D,(t) vs. normalized delay time for a CS chain: L = 
6.60 pm, a = 66 nm, and T = 25.0 OC. The number at each curve 
indicates the K2 value in units of 1014 m-2. t ,  is the time at which 
C(t )  = 0.01. 

the first cumulant has more than twice the value of D, and 
is 39% larger than Dao, which is given by a single-expo- 
nential approximation. As seen from the figure, D,(t) 
begins to decrease from a fairly small value of t. For 
example, a determination of the value of Di within the 
accuracy of 5% requires a measurement of the slope of C(t)  
at  (t / t ,)  - 5.5 X Thus, in order to compare quan- 
titatively the initial slope of a C(t) with the first-cumulant 
theory, measurement must be made of the C(t) with a short 
delay time of the order of (t / t ,)  - lo9. The broken line 
in the figure is generated by connecting the point on each 
curve at which D,(t) takes the same value as the D, of the 
corresponding C(t). Interestingly, the scaled delay time 
at  which D,(t) = Dao is nearly independent of ZP and given 
by 

t / t ,  'v 0.12 (84) 
K Dependence of Apparent Diffusion Coefficients 

and Comparison of CS and DF Chains. In Figure 5 are 
displayed K2 dependences of Di, Dal, D,, and D,. The 
figure shows that DaO and Dal are near the mean value of 
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Figure 5. Dependences of the apparent diffusion coefficients 
(Di, Dall Dao, and D,) on K? L = 6.60 pm, a = 66 nm, and T = 
25.0 "C.  The broken line represents the data for &s DNA by 
Thomas et al.I3 

Di and D,. We can recognize that, in order to examine DLS 
data quantitatively, we must specify the range of delay 
time of the data used for the analysis. The broken line 
corresponds to the data of &, DNA (L  = 5.9 pm) measured 
by Thomas et al.13 Their data show a P dependence very 
similar to those of DaO and Dal from our theory. If any 
difference exists a t  all, it may be that their data seem to 
show a tendency to saturate at P larger than 15 X 1014 
m-2. On the basis of this fact, they assert the applicability 
of the RZ model to native DNA. As the form and length 
of our model chain and their DNA molecules are different, 
it may be meaningless to compare our theory with their 
experiment in detail for testing the accuracy of our theo- 
retical prediction. If we assume the effect of the above 
differences to be negligible and the deviation of the ex- 
perimental curve from the theoretical one at  large P is 
a true deviation exceeding experimental error, the dis- 
crepancy might be due to some incompleteness of our 
model, which is discussed in section IV. 

Recently, Wilcoxon and SchurrZ9 gave an exact expres- 
sion of r(K) for a thin rod and predicted that Di derived 
from r(K) reaches a limiting plateau value at sufficiently 
large K. If we assume that a DNA molecule can be mod- 
eled by a sequence of rigid rods with a length of the order 
of its persistence length, it is inferred from their results 
that Di of DNA also reaches a saturated value at large K. 
It is an interesting problem to be solved how the K de- 
pendence of Di for a real DNA molecule with a finite 
bending rigidity differs from that of a chain composed of 
a sequence of rigid rods in the very large K region. Wil- 
coxon and Schurr found also that the approach of Di of 
a rigid rod to its plateau value with increasing P was 
extremely slow. Judging from this result and reported data 
on DNA,13 it seems very difficult to estimate the accurate 
plateau value of Di of DNA only from DLS data in the 
presently available range of Icz, even if Di of DNA truly 
saturates a t  sufficiently large P. In order to predict the 
true behavior of apparent diffusion coefficients of DNA 
at very large Ic2, it may be necessary to give an expression 
of the dynamic structure factor for a model refined by 
including the effect of chain stiffness in a more complete 
form. 

dependences of Di and D, are shown in Figures 6 and 
7 respectively for various values of N ,  taken in the eval- 
uation of c(K,s,t) in eq 64. The value of No of this chain 
is given from eq 41 as 

No - 16 (85) 

15 

. A  - e t  

n 5l 9 
0 1  I 1 1 

0 5 10 1 5  20 

~ ~ ( ~ 1 0 ' ~  m-') 

Figure 6. Di vs. for a CS chain: L = 6.60 pm, a = 66 nm, and 
T = 25.0 O C .  The number at each curve indicates the value of 
N,. In this range, the curve of N ,  = 250 can in practice be 
assumed to be identical with that of N ,  = m. 

1 0 ,  1 
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Figure 7. DeO vs. 
as in Figure 6. 

for a CS chain. Parameters are the same 

Thus, the part bounded by the curves of N,,, = 15 and 250 
can approximately be assumed to be the contribution of 
the modes which are relaxed by the bending elasticity of 
the chain. Comparison of both leads to the fact that Di 
has a larger relative contribution from higher modes than 
Dao and exhibits a prominent effect of bending elasticity 
even at low values of P. For example, a t  P = KO2 = 7.0 
X lOI4  m-2, which is the maximum value of P available 
using the He-Ne laser, the portion of the contribution of 
the modes with n > 15 is 4% in DaO and 17% in Di. This 
portion increases with P for both Di and Dao and reaches 
as much as 39% for Di at P = 20 X 1014 m-2. 
Di of DF chains with different bead numbers, N ,  are 

plotted in Figure 8 to show the effect of bead number. 
Compared with CS chains, the notable characteristic of a 
DF chain is that Di reaches a plateau value for P large 
enough for each bead to be resolved as described by Lin 
and Schurr." When N is made small, the saturated value 
of Di also becomes smaller, and saturation occurs at smaller 
P. If Icz is so large that the inequality 

2kTP/3LXn >> 1 (86) 

holds for all n from 1 to N - 1 in eq 60, only cl with 1 = 
0 has a significant value. In the range of time, t ,  short 
enough to allow for all nonzero n the expansion of 

(87) exp(-t/r,) - 1 - t / ~ ~  
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Figure 8. Di vs. K2 for DF chains with different bead numbers, 
N .  The bead number is indicated at each curve. The broken line 
is the Di curve with N,,, = 250 for the same chain as in Figure 6. 
Other parameters of these DF chains are taken so that their C(t) 
and that of the above CS chain may coincide with one another 
in the small-K region (see text). 
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Figure 9. Dependence of the reciprocal static structure factor, 
P1(K) ,  on K2 for CS (solid lines) and DF (broken lines) chains. 
Parameters for CS and DF chains are the same as in Figures 6 
and 8, respectively. 

S(K,t), from eq 61, has approximately a single-exponential 
form of 

Thus, the saturated value of Di is given by 
N-l 2kT 

Di - Do+ - 
n=l 3Lln 

Equation 88 means that each bead is seen to be making 
a free and independent diffusive motion in the P region. 
Though it is not shown in the figure, Deo and Dal also 
exhibit similar dependences on P, which is a common 
property of the discrete spring-bead models. 

Reciprocal static structure factors, P'(K), for CS and 
DF chains are displayed in Figure 9. P 1 ( K )  of the CS 
chain increases with even for smaller values of N,, while 

n 

, , 1 ! , , I l l  L - i  Lud 1 

1 10 100 
1 L  ---.I ' 1 l l l f l  
0 1  

K 2 ( x 1 0 ' 4  6 ' )  

Figure 10. log-log plots of the apparent diffusion coefficients 
(Di, Dsl, and D,) vs. for a CS chain. Parameters are the same 
as in Figure 5. The broken line is a straight line with a slope of 
1/2 corresponding to the relation rs 0: F. 
that of the DF chain reaches a constant a t  large value of 
IC2 as in the case of the apparent diffusion coefficient. The 
portion of the contribution from the modes of n > 15 in 
the CS chain increases with IC2 and accounts for 12% of 
the entire contribution at P = 7.0 X 1014 m-2. The satu- 
rated value of P 1 ( K )  of a DF chain is equal to its number 
of beads, N ,  which also means that each bead is seen to 
be independent in the large-P region. 

Sadron30 and Ptitsyn and Fedorov3l found that P 1 ( K )  
of native DNA at  large P is well described by a linear 
function of K as 

(90) 

where A. and Bo are respectively a positive and negative 
constant determined from molecular parameters of the 
DNA. By plotting P1(K)  of the CS chain with N ,  = 250 
in Figure 9 against K ,  it is found that P' (K)  lies on a 
straight line very well at K > 1.8 X lo' m-l or P > 3.2 X 
1014 m-2 (figure not shown). The line extrapolated to K 
= 0 gives a negative intersection with the ordinate axis, 
which agrees with the results of Sadron.30 Comparison of 
P1(K) derived from our theory with that from the theory 
of wormlike ~ h a i n s ~ ~ 8 ~  would serve as a quantitative test 
of our theory, which will be made elsewhere. 

To see the exponent in the K dependences of apparent 
diffusion coefficients which have the dimension of spectral 
line width divided by P, the log-log plot of the curves in 
Figure 5 is made in Figure 10. The theoretical curve of 
the CS chain shows a feature clearly different from the K3 
dependence of spectral line width predicted for the RZ 
model.2 All curves of Di, Deo, and Del are convexly shaped 
at K2 > 1.4 X 1014 m-2 where the internal motion dominates 
Q t ) .  If we put 

(91) 

we have, in the range of K2 = (4-10) X 1014 m-2, y - 3, 
which is equal to that of RZ chainsS2 But a t  K2 smaller 
than the above, y is significantly larger than 3 and takes 
the maximum of 3.2 near P - 1.4 X 1014 m-2. On the 
other hand, at P > 10 X 1014 m-2, y is smaller than 3 and 
decreases with increasing P, which agrees with the data 
of Thomas et al.13 However, it is found that y does not 
reach the plateau value, 2, for RZ chains in the range of 
K2 < 10l6 m-2 where the calculation was made, which is 
opposed to the prediction by Schurr et al.11J7 

Effect of Chain Stiffness, Chain Length, and Tem- 
perature. Dal for four values of persistence length is 
shown in Figure 11 to see the effect of chain stiffness. The 
shorter the persistence length, the larger is the transla- 
tional diffusion coefficient because the chain becomes more 

P 1 ( K )  = A& + Bo 

Di, DeO, and Dal a KT-2 
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Figure 11. Dependence of Dal on K2 for CS chains with different 
persistence lengths, a: L = 6.60 pm and T = 25.0 "C. The 
numbers beside the curves indicate the value of a (nm). 
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Figure 12. Dependence of Dal on K2 for CS chains with different 
contour lengths, L: a = 50 nm (i.e., 1~ = 0.1 pm) and T = 25.0 
"C. The numbers beside the curves indicate the value of L (pm). 

compact. In the large-K2 region, the stiffer chain gives the 
larger Dal except for the case of a = 100 nm at  K2 > 16 
X 1014 m-2. However, the dependence of Dal on a is rela- 
tively small a t  large P. For example, Dal decreases only 
by 18% at K2 = 7.0 X 1014 m-2 when the persistence length 
is changed by a factor of 3 from 100 to 33 nm. Further, 
the values of Dal for three chains with longer persistence 
lengths differ by less than 2.5% at  K2 > 15 X 1014 m-2. 
Therefore, it is necessary to take account of the relative 
insensitivity of the apparent diffusion coefficient to per- 
sistence length when discussing the chain stiffness with 
DLS data. 

Chains having different contour lengths and the same 
stiffness are compared in Figure 12. The Kuhn statistical 
length, ZK, of the chains is 0.1 pm. Compared in the K2 
region where internal motion dominates C(t) ,  the differ- 
ence between the curves of L = L2 and L, is much smaller 
than the difference between those of L = L,  and L = L2 
or LB. This means that, though the effect of a finite con- 
tour length on the DLS property is almost negligible for 
the chain with L = Lz (661K) or L, (166tK), it is significant 
for the chain with L = L1 (221K). It can also be seen from 
the figure that the effect of the contour length appears 
most notably in the magnitude of the translational diffu- 
sion coefficient given in the limit of K2 - 0. 
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Figure 13. Dal vs. for a CS chain at different temperatures: 
solid line, T = 25 "C and a = 50 nm; broken line, T = 55 "C and 
a = 45.4 nm. L = 2.24 pm is assumed. 

Finally, the temperature effect on Dal is shown in Figure 
13. The chain with a = 50 nm at 25 "C is compared with 
the same chain having a = 45.4 nm at 55 "C in accordance 
with eq 37. Dal for 55 "C in the figure is reduced to the 
condition of T = 25 "C by multiplying Dal derived from 
C(t)  at 55 OC by the temperature viscosity factor of 298.15 
X 5.072/(328.15 X 8.949) = 0.5150. The figure shows that 
Dal does not scale with TIT. However, the difference 
between the two curves is very small. Though the dif- 
ference in persistence length is about lo%, the difference 
of Dal amounts to only 3.1% even for the translational 
diffusion coefficient a t  K - 0 for which the difference is 
largest. 

IV. Conclusion and Comments 
In this paper, Berg's theory of circular semiflexible 

chains was extended by including the hydrodynamic in- 
teraction effect, and an expression of S(K,t) was given. It 
was shown by numerical calculation that this theory made 
it possible to evaluate, at least semiquantitatively, the DLS 
properties of semiflexible chains using molecular param- 
eters rather than free ones. However, several crucial as- 
sumptions and approximations are made in the present 
theory. Some refinement seems necessary for applying the 
theory to the quantitative analyses of more precise data. 
Therefore, it is instructive to list those assumptions and 
to discuss their possible effects. 

(1) The Berg model, whose potential energy is given by 
eq 6, is not a model for wormlike chains. The Berg chain 
is highly flexible in the direction of the chain axisN unlike 
real wormlike molecules. Decoupling into the normal 
modes is made possible by assuming a special form of 
internal stress originating in the potential energy. Further, 
it is assumed that, in the original discrete model, the 
thermal energy equivalent to that of 2N degrees of freedom 
is equally partitioned among 3N independent normal 
modes. Though it seems hard to evaluate quantitatively 
the difference in the motions of the model chain and the 
real wormlike one, they will certainly differ. This differ- 
ence in motion between the two chains might cause a 
substantial difference between their dynamic structure 
factors, especially a t  large K where the local dynamic 
property of a chain is more significant for determining its 
dynamic structure factor. 

For a model closer to real wormlike chains, we have an 
array of mechanical springs with a bending elasticity as 
described earlier.% Though the author gave the Langevin 
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equation of motion for such chains, it seems difficult to 
obtain an analytical solution because of its nonlinear form. 

(2) The Oseen tensor is preaveraged in the evaluation 
of intramolecular hydrodynamic interaction. 

According to Benmouna and Akcasug and Burchard et 
al.,= the first cumulant of a linear flexible chain estimated 
using a preaveraged Oseen tensor can be a maximum of 
15% smaller than the case without preaveraging. There- 
fore, it is naturally expected that preaveraging may cause 
an effect to the above extent also in our case. 

(3) Several approximations are made in the evaluation 
of the function K(s) necessary for the calculation of c,,. 
Especially, as K(s) is large in the neighborhood of s = 0, 
the accuracy of its value near s = 0 can have a significant 
effect on the accuracy of c,,. 

(4) The effect of torsional elasticity is not taken into 
account. I t  was indicated from the measurement of 
fluorescence anisotropy decay of dyes intercalated into 
native DNA37-39 that the torsional rigidity of native DNA 
has the same order of magnitude as the bending rigidity. 
Hence, the coupling of bending and torsional motions is 
readily anticipated.16 

(5) The excluded volume effect is not taken into con- 
sideration. The apparent persistence length is considered 
to decrease as the spatial resolution becomes higher with 
increasing P, because the excluded volume effect is more 
significant for the larger-scale property of a chain molecule. 
Accordingly, if the measured Dal vs. P curve in Figure 5 
apparently exhibits a saturation tendency, it can also be 
interpreted to mean that the curve approaches the theo- 
retical curve with a lower value of a at  higher @. Qual- 
itatively speaking, the behavior of the curve can be a 
manifestation of the excluded volume effect. 

Last, we will note on the applicability of our theory to 
linear chains. The internal motion of a chain molecule 
whose contour length is much longer than its persistence 
length, is considered to hardly depend on its form: circular 
or linear. Therefore, our expression of dynamic structure 
factor for circular chains is expected to be a good ap- 
proximation of that for linear chains except in the low-K 
region where the effect of translational motion is dominant. 
The results shown in Figures 5 and 12 actually suggest that 
the above inference is true. Extension of the present 
theory for applying it to linear chains is now in progress. 
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